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Abstract
Using generalized field strength tensors for non-Abelian tensor gauge fields one
can explicitly construct all possible Lorentz invariant quadratic forms for rank-4
non-Abelian tensor gauge fields and demonstrate that there exist only two linear
combinations of them which form a gauge invariant Lagrangian. Together with the
previous construction of independent gauge invariant forms for rank-2 and rank-3
tensor gauge fields this construction proves the uniqueness of early proposed general
Lagrangian up to rank-4 tensor fields. Expression for the coefficients of the general
Lagrangian is presented in a compact form.
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1 Introduction
The early investigation of higher-spin representations of the Poincare´ algebra and of the
corresponding field equations is due to Majorana, Dirac, Fierz and Pauli and Wigner [1–4].
The theory of massive particles of higher spin was developed by Fierz and Pauli [3] and
Rarita and Schwinger [5]. The Lagrangian and S-matrix formulations of free field theory of
massive and massless fields with higher spin have been completely constructed in [6–15].
The problem of introducing interaction appears to be much more complex [16–21, 27, 28]
and met enormous difficulties for spin fields higher than two [22–26]. The first positive
result in this direction was the light-front construction of the cubic interaction term for
the massless field of helicity ±λ in [29, 30]. Discussion of the tensionless strings and their
relation with higher spin fields can be found in [31–42]. Alternative formulations of higher
spin field theories have been proposed and discussed in [43–50].
In the recent articles [51–53] one of the authors considered the generalization of the
Yang-Mills theory which includes non-Abelian tensor gauge fields of higher rank. For
non-Abelian tensor gauge fields of arbitrary higher rank-s two independent gauge invariant
forms Ls and L
′
s which are quadratic in field strength tensors have been found. The general
Lagrangian L was defined as a linear sum of these forms [52, 53]
L =
∞∑
s=0
gs+1Ls+1 +
∞∑
s=1
g
′
s+1L
′
s+1.
In order to prove a uniqueness of the general Lagrangian it is important to know whether
these invariants provide a complete set of independent gauge invariants quadratic in field
strength tensors. The affirmative answer to the above question will prove that it is indeed
a unique gauge invariant Lagrangian.
In this article, using generalized field strength tensors for non-Abelian tensor gauge
fields defined in [51–53], we explicitly constructed all possible Lorentz invariant quadratic
forms for the rank-4 non-Abelian tensor gauge fields and demonstrated that there are only
two linear combinations of them L4 and L
′
4 which form a gauge invariant Lagrangian.
Together with the previous construction of independent gauge invariant forms for rank-2
(L2 and L
′
2) and rank-3 (L3 and L
′
3) tensor gauge fields [52, 53], the above consideration
extends the proof of the uniqueness of the total Lagrangian up to the rank-4 gauge fields.
It seems difficult to extend this explicit construction of all possible Lorentz invariant
structures to higher rank tensor fields because their number grows very fast. Nevertheless
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the analysis of low rank tensor gauge fields makes it plausible that the general Lagrangian
presented in [52, 53] is indeed a unique one and contains only two independent gauge
invariant forms Ls and L
′
s.
This paper is organized as follows: in the next section necessary notations and defi-
nitions of extended gauge transformation of tensor gauge fields and of the corresponding
field strength tensors from the articles [51–53] will be introduced. The previous construc-
tion of independent gauge invariant forms for the rank-2 and rank-3 tensor fields will be
reproduced in Section 3. In the subsequent, main part of the article, we shall construct
all Lorentz invariant quadratic forms for the rank-4 tensor fields and shall prove that only
two forms L4 and L
′
4 provide all possible invariants
L4 = Tr
(
Gµν,ρσλGµν,ρσλ +
3
2
Gµν,ρρσGµν,σλλ + 3Gµν,ρσGµν,ρσλλ
+
3
4
Gµν,ρρGµν,σσλλ +
3
2
Gµν,ρGµν,ρσσλλ +
1
4
GµνGµν,ρρσσλλ
)
,
and
L
′
4 = Tr
(
Gµν,ρσλGµρ,νσλ +
1
2
Gµν,ρσσGµρ,νλλ + 2Gµν,ρσσGµλ,νρλ +Gµν,νρσGµλ,ρσλ
+
1
2
Gµν,νρρGµσ,σλλ + 2Gµν,ρσGµρ,νσλλ + 2Gµν,ρσGµλ,νρσλ +Gµν,ρρGµσ,νσλλ
+
1
2
Gµν,νρGµρ,λλσσ + 2Gµν,νρGµλ,ρλσσ +
1
2
Gµν,ρGµρ,νλλσσ + 2Gµν,ρGµλ,νρλσσ
+
1
2
Gµν,νGµρ,ρσσλλ +
1
2
GµνGµρ,νρσσλλ
)
.
This consideration allows to define a unique gauge invariant Lagrangian for the fourth-rank
tensor gauge fields which is a linear sum of L4 and L
′
4.
In Section 5 we shall demonstrate that in the general Lagrangian [52, 53] the total
number of Lorentz independent structures for the rank-s tensor gauge field grows as s2 and
shall present a compact expression for the coefficients.
2 Gauge Fields and Field Strengths
The Lie algebra valued non-Abelian gauge fields are defined as rank-(s+1) tensors [51–53]
Aµλ1···λs = A
a
µλ1···λs
La, s = 0, 1, 2, · · · ,
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where La are generators of the compact Lie gauge group G. These fields are totally sym-
metric with respect to the indices λ1 · · ·λs. A priory, the tensor gauge fields have no
symmetric and/or antisymmetric structures with respect to the first index µ.
The extended gauge transformations of the non-Abelian tensor gauge fields are defined
by the following equations [51]
δAµ = ∂µξ − ig[Aµ, ξ],
δAµλ1 = ∂µξλ1 − ig[Aµ, ξλ1]− ig[Aµλ1 , ξ],
δAµλ1λ2 = ∂µξλ1λ2 − ig[Aµ, ξλ1λ2 ]− ig[Aµλ1 , ξλ2]− ig[Aµλ2 , ξλ1]− ig[Aµλ1λ2 , ξ],
· · · · · · ·
(2.1a)
or in the general form by the formula
δAµλ1···λs = ∂µξλ1···λs − ig
s∑
i=0
∑
p1<p2<···<pi
[
Aµλp1λp2 ···λpi , ξλ1···
∨
λp1 ···
∨
λp2 ···
∨
λpi ···λs
]
, (2.1b)
where the symbol “∨ ” in the
∨
λpi means that one should erase the index λpi. The in-
finitesimal non-Abelian gauge parameters ξλ1···λs(x) are totally symmetric rank-s tensors.
By construction, there are
s!
i!(s− i)!
terms in the sum
∑
p1<p2<···<pi
. These extended gauge
transformations generate a closed algebraic structure [51]
[δξ1 , δξ2 ]Aµλ1···λs = δξAµλ1···λs , (2.2)
where the gauge parameters ξν1···νn(x) on the right hand side are given by the formulas
ξ = −ig[ξ1, ξ2],
ξν1 = −ig[ξ1, ξ2ν1]− ig[ξ1ν1, ξ2],
ξν1ν2 = −ig[ξ1, ξ2ν1ν2 ]− ig[ξ1ν1, ξ2ν2]− ig[ξ1ν2, ξ2ν1]− ig[ξ1ν1ν2 , ξ2],
· · · · · · ·
(2.3a)
or in the general form by the formula
ξν1···νn = −ig
n∑
i=0
∑
p1<p2<···<pi
[
ξ1νp1νp2 ···νpi
, ξ2ν1···
∨
νp1 ···
∨
νp2 ···
∨
νpi ···νn
]
. (2.3b)
The generalized field strengths are defined as [51]
Gµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ],
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Gµν,λ1 = ∂µAνλ1 − ∂νAµλ1 − ig[Aµ, Aνλ1 ]− ig[Aµλ1 , Aν ],
Gµν,λ1λ2 = ∂µAνλ1λ2 − ∂νAµλ1λ2 (2.4a)
−ig[Aµ, Aνλ1λ2]− ig[Aµλ1 , Aνλ2 ]− ig[Aµλ2 , Aνλ1 ]− ig[Aµλ1λ2 , Aν ],
· · · · · · ·
or in the general form by the formula
Gµν,λ1···λs = ∂µAνλ1···λs − ∂νAµλ1···λs
−ig
s∑
i=0
∑
p1<p2<···<pi
[
Aµλp1λp2 ···λpi , Aνλ1···
∨
λp1 ···
∨
λp2 ···
∨
λpi ···λs
]
. (2.4b)
These field strength tensors are antisymmetric in their first two indices (µ, ν) and are totally
symmetric with respect to the rest of the indices (λ1, · · · , λs). In the above definition of the
extended gauge field strength Gµν,λ1···λs(x), together with the classical Yang-Mills gauge
boson Aµ(x), there participate a set of higher rank gauge fields Aµλ1(x), Aµλ1λ2(x), · · ·,
Aµλ1···λs(x) up to the rank s + 1. One of the important features of these field strengths is
that they transform homogeneously under the extended gauge transformations (2.1a) and
(2.1b) [51]:
δGµν = −ig[Gµν , ξ],
δGµν,λ1 = −ig[Gµν , ξλ1 ]− ig[Gµν,λ1 , ξ],
δGµν,λ1λ2 = −ig[Gµν , ξλ1λ2 ]− ig[Gµν,λ1 , ξλ2 ]− ig[Gµν,λ2 , ξλ1 ]− ig[Gµν,λ1λ2 , ξ],
· · · · · · ·
(2.5a)
or in the general form:
δGµν,λ1···λs = −ig
s∑
i=0
∑
p1<p2<···<pi
[
Gµν,λp1λp2 ···λpi , ξλ1···
∨
λp1 ···
∨
λp2 ···
∨
λpi ···λs
]
. (2.5b)
The gauge invariant tensor density constructed in [52,53] by expansion over the vector
variable eµ [54] is:
(
Ls+1
)
ν1ν2,λ1···λ2s
= Tr
(
s−1∑
i=0
∑
p1<p2<···<pi
Gµν1,λp1λp2 ···λpiGµν2,λ1···
∨
λp1 ···
∨
λp2 ···
∨
λpi ···λ2s
+
1
2
∑
p1<p2<···<ps
Gµν1,λp1λp2 ···λpsGµν2,λ1···
∨
λp1 ···
∨
λp2 ···
∨
λps ···λ2s
+(ν1 ↔ ν2)
)
. (2.6)
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These tensors are totally symmetric within the indices (ν1, ν2) and (λ1, λ2, · · · , λ2s), whereas
they have no symmetries between the indices νi and λj. Contraction of indices by metric
tensors allows to construct two gauge and also Lorentz invariant forms Ls+1 and L
′
s+1
[52, 53]
Ls+1 =
1
2s
(
Ls+1
)
ν1ν2,λ1···λ2s
(
ην1ν2ηλ1λ2
)
ηλ3λ4 · · · ηλ2s−1λ2s , (2.7a)
L
′
s+1 =
1
2s−1
(
Ls+1
)
ν1ν2,λ1···λ2s
(
ην1λ1ην2λ2
)
ηλ3λ4 · · · ηλ2s−1λ2s . (2.7b)
In order to define a unique Lagrangian it is important to know whether these invariants
provide a complete set of independent gauge invariants which are quadratic in field strength
tensors. The affirmative answer to the above question will prove that a unique gauge
invariant Lagrangian is [52, 53]
L =
∞∑
s=0
gs+1Ls+1 +
∞∑
s=1
g
′
s+1L
′
s+1 . (2.8)
An alternative way of constructing a gauge invariant Lagrangian is, first, to consider all
possible Lorentz invariant quadratic forms, and then by direct calculation of their variation
over the gauge transformation to check if some linear combination of them can be made
gauge invariant [51, 52]. If successful this procedure will fix the coefficients in the linear
sum. In the next section we shall present this construction for the rank-2 and rank-3 tensor
gauge fields from [51–53] and then shall turn to the consideration of the rank-4 field.
3 Second and Third Rank Tensor Gauge Fields
In order to describe rank-two quanta, one should introduce tensor gauge field Aµλ1(x)
together with tensor gauge fields whose ranks would be up to three, such as Aµ(x) and
Aµλ1λ2(x). Using these fields one can construct the following Lorentz invariant quadratic
form [51],
L2 = Tr
(
a1Gµν,ρGµν,ρ + a2GµνGµν,ρρ
)
, (3.1)
where a1 and a2 are numerical coefficients which should be determined by the gauge in-
variance of the Lagrangian. Calculating the variation of the Lagrangian under the gauge
transformations (2.5a) and (2.5b), one can get
δL2 = −igTr
{
2a1[Gµν , ξρ]Gµν,ρ + 2a2[Gµν,ρ, ξρ]Gµν
}
= −igTr
{
2(a1 − a2)[Gµν , ξρ]Gµν,ρ
}
.
5
One can determine the numerical coefficients by requiring the invariance of the Lagrangian,
a2 = a1,
and find out the following Lorentz and gauge invariant Lagrangian [51],
L2 = a1Tr
(
Gµν,ρGµν,ρ +GµνGµν,ρρ
)
, (3.2)
where the numerical coefficient a1 remains arbitrary.
The second invariant Lagrangian L′2 consists of the following three quadratic forms
[52, 53],
L
′
2 = Tr
(
b1Gµν,ρGµρ,ν + b2Gµν,νGµρ,ρ + b3GµνGµρ,νρ
)
. (3.3)
Calculating the variation of the Lagrangian under the gauge transformations (2.5a) and
(2.5b), one can get the following result,
δL′2 = −igTr
{
2b1[Gµν , ξρ]Gµρ,ν + 2b2[Gµν , ξν]Gµρ,ρ + b3
(
[Gµρ,ν , ξρ] + [Gµρ,ρ, ξν]
)
Gµν
}
= −igTr
{
(2b1 − b3)[Gµν , ξρ]Gµρ,ν + (2b2 − b3)[Gµν , ξν]Gµρ,ρ
}
.
Then one can determine the numerical coefficients as
b2 = b1, b3 = 2b1,
and find the following second invariant form [52, 53],
L
′
2 = b1Tr
(
Gµν,ρGµρ,ν +Gµν,νGµρ,ρ + 2GµνGµρ,νρ
)
, (3.4)
where the coefficient b1 remains arbitrary.
For rank-three quanta, one should introduce tensor gauge field Aµλ1λ2(x) together with
tensor gauge fields whose ranks would be up to five, such as Aµ(x), Aµλ1(x), · · ·, and
Aµλ1···λ4(x). Using these fields one can construct the following Lorentz invariant forms [51]:
L3 = Tr
(
a1Gµν,ρσGµν,ρσ + a2Gµν ρρGµν,σσ + a3Gµν,ρGµν,ρσσ + a4GµνGµν,ρρσσ
)
. (3.5)
Calculating the variation under the gauge transformations (2.5a) and (2.5b), one can get
the following result:
δL3 = −igTr
{
2a1
(
[Gµν , ξρσ] + 2[Gµν,ρ, ξσ]
)
Gµν,ρσ
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+2a2
(
[Gµν , ξρρ] + 2[Gµν,ρ, ξρ]
)
Gµν,σσ
+a3
(
[Gµν , ξρ]Gµν,ρσσ
+
(
[Gµν , ξρσσ] + 2[Gµν,ρσ, ξσ] + [Gµν,σσ, ξρ]
)
Gµν,ρ
)
+a4
(
4[Gµν,ρ, ξρσσ] + 2[Gµν,ρρ, ξσσ] + 4[Gµν,ρσ, ξρσ] + 4[Gµν,ρρσ, ξσ]
)
Gµν
}
= −igTr
{
2(2a1 − a3)[Gµν,ρ, ξσ]Gµν,ρσ + (4a2 − a3)[Gµν,ρ, ξρ]Gµν,σσ
+(a3 − 4a4)[Gµν , ξρ]Gµν,ρσσ + 2(a1 − 2a4)[Gµν , ξρσ]Gµν,ρσ
+2(a2 − a4)[Gµν , ξρρ]Gµν,σσ + (a3 − 4a4)[Gµν , ξρσσ]Gµν,ρ
}
and determine the numerical coefficients consistently as
a2 =
1
2
a1, a3 = 2a1, a4 =
1
2
a1.
Thus one can get the following gauge invariant form with the arbitrary coefficient a1 [51],
L3 = a1Tr
(
Gµν,ρσGµν,ρσ +
1
2
Gµν,ρρGµν,σσ + 2Gµν,ρGµν,ρσσ +
1
2
GµνGµν,ρρσσ
)
. (3.6)
There are additional seven Lorentz invariant quadratic terms [52, 53],
L
′
3 = Tr
(
b1Gµν,ρσGµρ,νσ + b2Gµν,νρGµρ,σσ + b3Gµν,νρGµσ,ρσ
+b4Gµν,ρGµρ,νσσ + b5Gµν,ρGµσ,νρσ + b6Gµν,νGµρ,ρσσ
+b7GµνGµρ,νρσσ
)
. (3.7)
Calculating the variation of this form under the gauge transformations (2.5a) and (2.5b),
one can get the following result,
δL′3 = −igTr
{
2b1
(
[Gµν , ξρσ] + [Gµν,ρ, ξσ] + [Gµν,σ, ξρ]
)
Gµρ,νσ
+b2
((
[Gµν , ξνρ] + [Gµν,ν , ξρ] + [Gµν,ρ, ξν]
)
Gµρ,σσ
+
(
[Gµρ, ξσσ] + 2[Gµρ,σ, ξσ]
)
Gµν,νρ
)
+2b3
(
[Gµν , ξνρ] + [Gµν,ν , ξρ] + [Gµν,ρ, ξν]
)
Gµσ,ρσ
+b4
(
[Gµν , ξρ]Gµρ,νσσ
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+
(
[Gµρ, ξνσσ] + 2[Gµρ,σ, ξνσ] + 2[Gµρ,νσ, ξσ] + [Gµρ,σσ, ξν ]
)
Gµν,ρ
)
+b5
(
[Gµν , ξρ]Gµσ,νρσ
+
(
[Gµσ, ξνρσ] + [Gµσ,ν , ξρσ] + [Gµσ,σ, ξνρ]
+[Gµσ,νρ, ξσ] + [Gµσ,νσ, ξρ] + [Gµσ,ρσ, ξν ]
)
Gµν,ρ
)
+b6
(
[Gµν , ξν ]Gµρ,ρσσ
+
(
[Gµρ, ξρσσ] + 2[Gµρ,σ, ξρσ] + 2[Gµρ,ρσ, ξσ] + [Gµρ,σσ, ξρ]
)
Gµν,ν
)
+b7
(
[Gµρ,ν , ξρσσ] + [Gµρ,ρ, ξνσσ] + 2[Gµρ,σ, ξνρσ]
+[Gµρ,νρ, ξσσ] + 2[Gµρ,νσ, ξρσ] + 2[Gµρ,ρσ, ξνσ] + [Gµρ,σσ, ξνρ]
+2[Gµρ,νρσ, ξσ] + [Gµρ,ρσσ, ξν] + [Gµρ,νσσ, ξρ]
)
Gµν
}
= −igTr
{
2(b1 − b4)[Gµν,ρ, ξσ]Gµρ,νσ + (2b1 − b5)[Gµν,σ, ξρ]Gµρ,νσ
+(b2 − b6)[Gµν,ν , ξρ]Gµρ,σσ + (b2 − b4)[Gµν,ρ, ξν ]Gµρ,σσ
+(2b2 − b5)[Gµρ,σ, ξσ]Gµν,νρ + 2(b3 − b6)[Gµν,ν , ξρ]Gµσ,ρσ
+(2b3 − b5)[Gµν,ρ, ξν ]Gµσ,ρσ + (b4 − b7)[Gµν , ξρ]Gµρ,νσσ
+(b5 − 2b7)[Gµν , ξρ]Gµσ,νρσ + (b6 − b7)[Gµν , ξν ]Gµρ,ρσσ
+2(b1 − b7)[Gµν , ξρσ]Gµρ,νσ + (b2 − b7)[Gµν , ξνρ]Gµρ,σσ
+(b2 − b7)[Gµρ, ξσσ]Gµν,νρ + 2(b3 − b7)[Gµν , ξνρ]Gµσ,ρσ
+(2b4 − b5)[Gµρ,σ, ξνσ]Gµν,ρ + (b5 − 2b6)[Gµσ,σ, ξνρ]Gµν,ρ
+(b4 − b7)[Gµρ, ξνσσ]Gµν,ρ + (b5 − 2b7)[Gµσ, ξνρσ]Gµν,ρ
+(b6 − b7)[Gµρ, ξρσσ]Gµν,ν
}
.
This determines the numerical coefficients as
b2 = b1, b3 = b1, b4 = b1, b5 = 2b1, b6 = b1, b7 = b1,
and provides the second invariant form with the arbitrary coefficient b1 [52, 53],
L
′
3 = b1Tr
(
Gµν,ρσGµρ,νσ +Gµν,νρGµρ,σσ +Gµν,νρGµσ,ρσ
8
+Gµν,ρGµρ,νσσ + 2Gµν,ρGµσ,νρσ +Gµν,νGµρ,ρσσ
+GµνGµρ,νρσσ
)
. (3.8)
Both Lagrangians L2 + L
′
2 and L3 + L
′
3 for rank-2 and rank-3 fields coincide with the
corresponding expressions in the general Lagrangian L (2.8). In the next section we shall
present an analogous construction of the Lorentz and gauge invariant Lagrangian for the
rank-4 gauge field.
4 Fourth Rank Tensor Gauge Fields
In order to describe rank-four quanta, we shall introduce tensor gauge field Aµλ1λ2λ3(x)
together with tensor gauge fields whose ranks would be up to seven, such as Aµ(x), Aµλ1(x),
· · ·, and Aµλ1···λ6(x). Using these fields, we shall get the following form consisting of six
quadratic terms:
L4 = Tr
(
a1Gµν,ρσλGµν,ρσλ + a2Gµν,ρρσGµν,σλλ + a3Gµν,ρσGµν,ρσλλ
+a4Gµν,ρρGµν,σσλλ + a5Gµν,ρGµν,ρσσλλ + a6GµνGµν,ρρσσλλ
)
. (4.1)
In order to fix the numerical coefficients, we shall calculate the variation of the Lagrangian
under the gauge transformations (2.5a) and (2.5b) and get the following result:
δL4 = −igTr
{
2a1
(
[Gµν , ξρσλ] + 3[Gµν,ρ, ξσλ] + 3[Gµν,ρσ, ξλ]
)
Gµν,ρσλ
+2a2
(
[Gµν , ξρρσ] + 2[Gµν,ρ, ξρσ] + [Gµν,σ, ξρρ]
+[Gµν,ρρ, ξσ] + 2[Gµν,ρσ, ξρ]
)
Gµν,λλσ
+a3
((
[Gµν , ξρσ] + 2[Gµν,ρ, ξσ]
)
Gµν,ρσλλ
+
(
[Gµν , ξρσλλ] + 2[Gµν,ρ, ξσλλ] + 2[Gµν,λ, ξρσλ]
+[Gµν,λλ, ξρσ] + 2[Gµν,ρσλ, ξλ] + 2[Gµν,ρλλ, ξσ]
)
Gµν,ρσ
)
+a4
((
[Gµν , ξρρ] + 2[Gµν,ρ, ξρ]
)
Gµν,σσλλ
+
(
[Gµν , ξσσλλ] + 4[Gµν,σ, ξσλλ]
+4[Gµν,σλ, ξσλ] + 4[Gµν,σσλ, ξλ]
)
Gµν,ρρ
)
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+a5
(
[Gµν , ξρ]Gµν,ρσσλλ
+
(
[Gµν , ξρσσλλ] + 4[Gµν,ρσ, ξσλλ] + 2[Gµν,σσ, ξρλλ]
+4[Gµν,σλ, ξρσλ] + 2[Gµν,ρσσ, ξλλ] + 4[Gµν,ρσλ, ξσλ]
+4[Gµν,σσλ, ξρλ] + 4[Gµν,ρσσλ, ξλ] + [Gµν,σσλλ, ξρ]
)
Gµν,ρ
)
+a6
(
6[Gµν,ρ, ξρσσλλ] + 3[Gµν,ρρ, ξσσλλ] + 12[Gµν,ρσ, ξρσλλ]
+12[Gµν,ρρσ, ξσλλ] + 8[Gµν,ρσλ, ξρσλ] + 3[Gµν,ρρσσ, ξλλ]
+12[Gµν,ρρσλ, ξσλ] + 6[Gµν,ρρσσλ, ξλ]
)
Gµν
}
= −igTr
{
2(3a1 − a3)[Gµν,ρσ, ξλ]Gµν,ρσλ + 2(a2 − 2a4)[Gµν,ρρ, ξσ]Gµν,λλσ
+2(2a2 − a3)[Gµν,ρσ, ξρ]Gµν,λλσ + 2(a3 − 2a4)[Gµν,ρ, ξσ]Gµν,ρσλλ
+(2a4 − a5)[Gµν,ρ, ξρ]Gµν,σσλλ + (a5 − 6a6)[Gµν , ξρ]Gµν,ρσσλλ
+2(3a1 − 2a5)[Gµν,ρ, ξσλ]Gµν,ρσλ + 4(a2 − a5)[Gµν,ρ, ξρσ]Gµν,λλσ
+2(a2 − a5)[Gµν,σ, ξρρ]Gµν,λλσ + (a3 − 12a6)[Gµν , ξρσ]Gµν,ρσλλ
+(a3 − 4a4)[Gµν,λλ, ξρσ]Gµν,ρσ + (a4 − 3a6)[Gµν , ξρρ]Gµν,σσλλ
+2(a1 − 4a6)[Gµν , ξρσλ]Gµν,ρσλ + 2(a2 − 6a6)[Gµν , ξρρσ]Gµν,λλσ
+2(a3 − 2a5)[Gµν,σ, ξρλλ]Gµν,ρσ + 2(a3 − 2a5)[Gµν,λ, ξρσλ]Gµν,ρσ
+2(2a4 − a5)[Gµν,σ, ξσλλ]Gµν,ρρ + (a3 − 12a6)[Gµν , ξρσλλ]Gµν,ρσ
+(a4 − 3a6)[Gµν , ξσσλλ]Gµν,ρρ + (a5 − 6a6)[Gµν , ξρσσλλ]Gµν,ρ
}
.
Then we can determine the coefficients consistently as
a2 =
3
2
a1, a3 = 3a1, a4 =
3
4
a1, a5 =
3
2
a1, a6 =
1
4
a1,
and come to the following gauge invariant Lagrangian [51]:
L4 = a1Tr
(
Gµν,ρσλGµν,ρσλ +
3
2
Gµν,ρρσGµν,σλλ + 3Gµν,ρσGµν,ρσλλ
+
3
4
Gµν,ρρGµν,σσλλ +
3
2
Gµν,ρGµν,ρσσλλ +
1
4
GµνGµν,ρρσσλλ
)
. (4.2)
Now let us proceed in order to define the second invariant Lagrangian L′4. There are
fourteen Lorentz invariant quadratic terms,
L
′
4 = Tr
(
b1Gµν,ρσλGµρ,νσλ + b2Gµν,ρσσGµρ,νλλ + b3Gµν,ρσσGµλ,νρλ + b4Gµν,νρσGµλ,ρσλ
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+b5Gµν,νρρGµσ,σλλ + b6Gµν,ρσGµρ,νσλλ + b7Gµν,ρσGµλ,νρσλ + b8Gµν,ρρGµσ,νσλλ
+b9Gµν,νρGµρ,λλσσ + b10Gµν,νρGµλ,ρλσσ + b11Gµν,ρGµρ,νλλσσ + b12Gµν,ρGµλ,νρλσσ
+b13Gµν,νGµρ,ρσσλλ + b14GµνGµρ,νρσσλλ
)
. (4.3)
After calculation for the variation of the Lagrangian under the gauge transformations (2.5a)
and (2.5b), we arrive at the following result,
δL′4 = −igTr
{
2b1
(
[Gµν , ξρσλ] + [Gµν,ρ, ξσλ] + 2[Gµν,σ, ξρλ]
+2[Gµν,ρσ, ξλ] + [Gµν,σλ, ξρ]
)
Gµρ,νσλ
+2b2
(
[Gµν , ξρσσ] + [Gµν,ρ, ξσσ] + 2[Gµν,σ, ξρσ]
+2[Gµν,ρσ, ξσ] + [Gµν,σσ, ξρ]
)
Gµρ,νλλ
+b3
((
[Gµν , ξρσσ] + [Gµν,ρ, ξσσ] + 2[Gµν,σ, ξρσ]
+2[Gµν,ρσ, ξσ] + [Gµν,σσ, ξρ]
)
Gµλ,νρλ
+
(
[Gµλ, ξνρλ] + [Gµλ,ν , ξρλ] + [Gµλ,ρ, ξνλ] + [Gµλ,λ, ξνρ]
+[Gµλ,νρ, ξλ] + [Gµλ,νλ, ξρ] + [Gµλ,ρλ, ξν ]
)
Gµν,ρσσ
)
+2b4
(
[Gµν , ξνρσ] + [Gµν,ν , ξρσ] + 2[Gµν,ρ, ξνσ]
+2[Gµν,νρ, ξσ] + [Gµν,ρσ, ξν ]
)
Gµλ,ρσλ
+2b5
(
[Gµν , ξνρρ] + [Gµν,ν , ξρρ] + 2[Gµν,ρ, ξνρ]
+2[Gµν,νρ, ξρ] + [Gµν,ρρ, ξν ]
)
Gµσ,σλλ
+b6
((
[Gµν , ξρσ] + [Gµν,ρ, ξσ] + [Gµν,σ, ξρ]
)
Gµρ,νσλλ
+
(
[Gµρ, ξνσλλ] + [Gµρ,ν , ξσλλ] + [Gµρ,σ, ξνλλ]
+2[Gµρ,λ, ξνσλ] + 2[Gµρ,σλ, ξνλ] + [Gµρ,λλ, ξνσ]
+2[Gµρ,νσλ, ξλ] + [Gµρ,νλλ, ξσ] + [Gµρ,σλλ, ξν ]
)
Gµν,ρσ
)
+b7
((
[Gµν , ξρσ] + 2[Gµν,ρ, ξσ]
)
Gµλ,νρσλ
+
(
[Gµλ, ξνρσλ] + [Gµλ,ν , ξρσλ] + 2[Gµλ,ρ, ξνλσ] + [Gµλ,λ, ξνρσ]
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+2[Gµλ,νρ, ξσλ] + [Gµλ,νλ, ξρσ] + 2[Gµλ,ρλ, ξνσ]
+[Gµλ,νρσ, ξλ] + 2[Gµλ,νρλ, ξσ] + [Gµλ,ρσλ, ξν ]
)
Gµν,ρσ
)
+b8
((
[Gµν , ξρρ] + 2[Gµν,ρ, ξρ]
)
Gµσ,νσλλ
+
(
[Gµσ, ξνσλλ] + [Gµσ,ν , ξσλλ] + [Gµσ,σ, ξνλλ] + 2[Gµσ,λ, ξνσλ]
+[Gµσ,νσ, ξλλ] + 2[Gµσ,νλ, ξσλ] + 2[Gµσ,σλ, ξνλ]
+2[Gµσ,νσλ, ξλ] + [Gµσ,νλλ, ξσ] + [Gµσ,σλλ, ξν ]
)
Gµν,ρρ
)
+b9
((
[Gµν , ξνρ] + [Gµν,ν , ξρ] + [Gµν,ρ, ξν ]
)
Gµρ,λλσσ
+
(
[Gµρ, ξλλσσ] + 4[Gµρ,λ, ξλσσ] + 2[Gµρ,λλ, ξσσ]
+4[Gµρ,λσ, ξλσ] + 4[Gµρ,λλσ, ξσ]
)
Gµν,νρ
)
+b10
((
[Gµν , ξνρ] + [Gµν,ν , ξρ] + [Gµν,ρ, ξν ]
)
Gµλ,ρλσσ
+
(
[Gµλ, ξρλσσ] + [Gµλ,ρ, ξλσσ] + [Gµλ,λ, ξρσσ]
+2[Gµλ,σ, ξρλσ] + 2[Gµλ,ρσ, ξλσ] + [Gµλ,σσ, ξρλ]
+2[Gµλ,ρλσ, ξσ] + [Gµλ,ρσσ, ξλ] + [Gµλ,λσσ, ξρ]
)
Gµν,νρ
)
+b11
(
[Gµν , ξρ]Gµρ,νλλσσ
+
(
[Gµρ, ξνλλσσ] + 4[Gµρ,λ, ξνλσσ] + 4[Gµρ,νλ, ξλσσ] + 2[Gµρ,λλ, ξνσσ]
+4[Gµρ,λσ, ξνλσ] + 2[Gµρ,νλλ, ξσσ] + 4[Gµρ,νλσ, ξλσ]
+4[Gµρ,λλσ, ξνσ] + 4[Gµρ,νλλσ, ξσ] + [Gµρ,λλσσ , ξν ]
)
Gµν,ρ
)
+b12
(
[Gµν , ξρ]Gµλ,νρλσσ
+
(
[Gµλ, ξνρλσσ] + [Gµλ,ν , ξρλσσ] + [Gµλ,λ, ξνρσσ] + [Gµλ,νρ, ξλσσ]
+[Gµλ,νλ, ξρσσ] + 2[Gµλ,νσ, ξρλσ] + [Gµλ,ρλ, ξνσσ] + 2[Gµλ,ρσ, ξνλσ]
+2[Gµλ,λσ, ξνρσ] + [Gµλ,σσ, ξνρλ] + [Gµλ,νρλ, ξσσ] + 2[Gµλ,νρσ, ξλσ]
+2[Gµλ,νλσ, ξρσ] + [Gµλ,νσσ, ξρλ] + 2[Gµλ,ρλσ, ξνσ] + [Gµλ,ρσσ, ξνλ]
+[Gµλ,λσσ, ξνρ] + 2[Gµλ,νρλσ, ξσ] + [Gµλ,νρσσ, ξλ] + [Gµλ,νλσσ, ξρ]
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+[Gµλ,λσσρ, ξν ]
)
Gµν,ρ
)
+b13
(
[Gµν , ξν ]Gµρ,ρσσλλ
+
(
[Gµρ, ξρσσλλ] + 4[Gµρ,σ, ξρσλλ] + 4[Gµρ,ρσ, ξσλλ] + 2[Gµρ,σσ, ξρλλ]
+4[Gµρ,σλ, ξρσλ] + 2[Gµρ,ρσσ, ξλλ] + 4[Gµρ,ρσλ, ξσλ]
+4[Gµρ,σσλ, ξρλ] + 4[Gµρ,ρσσλ, ξλ] + [Gµρ,σσλλ, ξρ]
)
Gµν,ν
)
+b14
(
[Gµρ,ν , ξρσσλλ] + [Gµρ,ρ, ξνσσλλ] + 4[Gµρ,σ, ξνρσλλ] + [Gµρ,νρ, ξσσλλ]
+4[Gµρ,νσ, ξρσλλ] + 4[Gµρ,ρσ, ξνσλλ] + 2[Gµρ,σσ, ξνρλλ]
+4[Gµρ,σλ, ξνρσλ] + 4[Gµρ,νρσ, ξσλλ] + 2[Gµρ,νσσ, ξρλλ]
+4[Gµρ,νσλ, ξρσλ] + 2[Gµρ,ρσσ, ξνλλ] + 4[Gµρ,ρσλ, ξνσλ]
+4[Gµρ,σσλ, ξνρλ] + 2[Gµρ,νρσσ, ξλλ] + 4[Gµρ,νρσλ, ξσλ]
+4[Gµρ,νσσλ, ξρλ] + 4[Gµρ,ρσσλ, ξνλ] + [Gµρ,σσλλ, ξνρ]
+4[Gµρ,νρσσλ, ξλ] + [Gµρ,νσσλλ, ξρ] + [Gµρ,ρσσλλ, ξν ]
)
Gµν
}
= −igTr
{
2(2b1 − b6)[Gµν,ρσ, ξλ]Gµρ,νσλ + (2b1 − b7)[Gµν,σλ, ξρ]Gµρ,νσλ
+(4b2 − b6)[Gµν,ρσ, ξσ]Gµρ,νλλ + (2b2 − b8)[Gµν,σσ, ξρ]Gµρ,νλλ
+2(b3 − b7)[Gµν,ρσ, ξσ]Gµλ,νρλ + (b3 − 2b8)[Gµν,σσ, ξρ]Gµλ,νρλ
+(b3 − b6)[Gµλ,νρ, ξλ]Gµν,ρσσ + (b3 − 4b9)[Gµλ,νλ, ξρ]Gµν,ρσσ
+(b3 − b10)[Gµλ,ρλ, ξν ]Gµν,ρσσ + 2(2b4 − b10)[Gµν,νρ, ξσ]Gµλ,ρσλ
+(2b4 − b7)[Gµν,ρσ, ξν ]Gµλ,ρσλ + (4b5 − b10)[Gµν,νρ, ξρ]Gµσ,σλλ
+(2b5 − b8)[Gµν,ρρ, ξν ]Gµσ,σλλ + (b6 − 4b11)[Gµν,ρ, ξσ]Gµρ,νσλλ
+(b6 − b12)[Gµν,σ, ξρ]Gµρ,νσλλ + 2(b7 − b12)[Gµν,ρ, ξσ]Gµλ,νρσλ
+(2b8 − b12)[Gµν,ρ, ξρ]Gµσ,νσλλ + (b9 − b13)[Gµν,ν , ξρ]Gµρ,λλσσ
+(b9 − b11)[Gµν,ρ, ξν]Gµρ,λλσσ + (b10 − 4b13)[Gµν,ν , ξρ]Gµλ,ρλσσ
+(b10 − b12)[Gµν,ρ, ξν ]Gµλ,ρλσσ + (b11 − b14)[Gµν , ξρ]Gµρ,νλλσσ
+(b12 − 4b14)[Gµν , ξρ]Gµλ,νρλσσ + (b13 − b14)[Gµν , ξν ]Gµρ,ρσσλλ
+2(b1 − 2b11)[Gµν,ρ, ξσλ]Gµρ,νσλ + 2(2b1 − b12)[Gµν,σ, ξρλ]Gµρ.νσλ
+2(b2 − b11)[Gµν,ρ, ξσσ]Gµρ,νλλ + (4b2 − b12)[Gµν,σ, ξρσ]Gµρ,νλλ
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+(b3 − b12)[Gµν,ρ, ξσσ]Gµλ,νρλ + 2(b3 − b12)[Gµν,σ, ξρσ]Gµλ,νρλ
+(b3 − 4b11)[Gµλ,ν , ξρλ]Gµν,ρσσ + (b3 − b12)[Gµλ,ρ, ξνλ]Gµν,ρσσ
+(b3 − 4b13)[Gµλ,λ, ξνρ]Gµν,ρσσ + 2(b4 − 2b13)[Gµν,ν , ξρσ]Gµλ,ρσλ
+2(2b4 − b12)[Gµν,ρ, ξνσ]Gµλ,ρσλ + 2(b5 − b13)[Gµν,ν , ξρρ]Gµσ,σλλ
+(4b5 − b12)[Gµν,ρ, ξνρ]Gµσ,σλλ + (b6 − 4b14)[Gµν , ξρσ]Gµρ,νσλλ
+2(b6 − b7)[Gµρ,σλ, ξνλ]Gµν,ρσ + (b6 − 2b8)[Gµρ,λλ, ξνσ]Gµν,ρσ
+(b7 − 4b14)[Gµν , ξρσ]Gµλ,νρσλ + (b7 − 4b9)[Gµλ,νλ, ξρσ]Gµν,ρσ
+2(b7 − b10)[Gµλ,ρλ, ξνσ]Gµν,ρσ + (b8 − 2b14)[Gµν , ξρρ]Gµσ,νσλλ
+(b8 − 2b9)[Gµσ,νσ, ξλλ]Gµν,ρρ + (2b8 − b10)[Gµσ,σλ, ξνλ]Gµν,ρρ
+(b9 − b14)[Gµν , ξνρ]Gµρ,λλσσ + (b10 − 4b14)[Gµν , ξνρ]Gµλ,ρλσσ
+2(b1 − 2b14)[Gµν , ξρσλ]Gµρ,νσλ + 2(b2 − b14)[Gµν , ξρσσ]Gµρ,νλλ
+(b3 − 4b14)[Gµν , ξρσσ]Gµλ,νρλ + (b3 − 4b14)[Gµλ, ξνρλ]Gµν,ρσσ
+2(b4 − 2b14)[Gµν , ξνρσ]Gµλ,ρσλ + 2(b5 − b14)[Gµν , ξνρρ]Gµσ,σλλ
+(b6 − 4b11)[Gµρ,λ, ξσλλ]Gµν,ρσ + (b6 − b12)[Gµρ,σ, ξνλλ]Gµν,ρσ
+2(b6 − b12)[Gµρ,λ, ξνσλ]Gµν,ρσ + (b7 − 4b11)[Gµλ,ν , ξρσλ]Gµν,ρσ
+2(b7 − b12)[Gµλ,ρ, ξνλσ]Gµν,ρσ + (b7 − 4b13)[Gµλ,λ, ξνρσ]Gµν,ρσ
+(b8 − 2b11)[Gµσ,ν , ξσλλ]Gµν,ρρ + (b8 − 2b13)[Gµσ,σ, ξνλλ]Gµν,ρρ
+(2b8 − b12)[Gµσ,λ, ξνσλ]Gµν,ρρ + (4b9 − b12)[Gµρ,λ, ξλσσ]Gµν,νρ
+(b10 − b12)[Gµλ,ρ, ξλσσ]Gµν,νρ + (b10 − 4b13)[Gµλ,λ, ξρσσ]Gµν,νρ
+2(b10 − b12)[Gµλ,σ, ξρλσ]Gµν,νρ + (b6 − 4b14)[Gµρ, ξνσλλ]Gµν,ρσ
+(b7 − 4b14)[Gµλ, ξνρσλ]Gµν,ρσ + (b8 − 2b14)[Gµσ, ξνσλλ]Gµν,ρρ
+(b9 − b14)[Gµρ, ξλλσσ]Gµν,νρ + (b10 − 4b14)[Gµλ, ξρλσσ]Gµν,νρ
+(4b11 − b12)[Gµρ,λ, ξνλσσ]Gµν,ρ + (b12 − 4b13)[Gµλ,λ, ξνρσσ]Gµν,ρ
+(b11 − b14)[Gµρ, ξνλλσσ]Gµν,ρ + (b12 − 4b14)[Gµλ, ξνρλσσ]Gµν,ρ
+(b13 − b14)[Gµρ, ξρσσλλ]Gµν,ν
}
.
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Then we can determine the numerical coefficients consistently as
b2 =
1
2
b1, b3 = 2b1, b4 = b1, b5 =
1
2
b1, b6 = 2b1, b7 = 2b1, b8 = b1,
b9 =
1
2
b1, b10 = 2b1, b11 =
1
2
b1, b12 = 2b1, b13 =
1
2
b1, b14 =
1
2
b1,
and come to the following second invariant Lagrangian
L
′
4 = b1Tr
(
Gµν,ρσλGµρ,νσλ +
1
2
Gµν,ρσσGµρ,νλλ + 2Gµν,ρσσGµλ,νρλ +Gµν,νρσGµλ,ρσλ
+
1
2
Gµν,νρρGµσ,σλλ + 2Gµν,ρσGµρ,νσλλ + 2Gµν,ρσGµλ,νρσλ +Gµν,ρρGµσ,νσλλ
+
1
2
Gµν,νρGµρ,λλσσ + 2Gµν,νρGµλ,ρλσσ +
1
2
Gµν,ρGµρ,νλλσσ + 2Gµν,ρGµλ,νρλσσ
+
1
2
Gµν,νGµρ,ρσσλλ +
1
2
GµνGµρ,νρσσλλ
)
. (4.4)
As we demonstrated so far, these Lagrangians contain no subinvariance, since the equation
for coefficients a and b has a unique solution presented above. Thus these construction
completely fixes all coefficients in front of all Lorentz structures participated in L4 and L
′
4
and also proves that only two invariants L4 and L
′
4 are available. It seems that the above
construction of all possible Lorentz invariant structures is difficult to extend to higher rank
tensor fields.
5 Higher Rank Tensor Gauge Fields
The progress in the construction of gauge and Lorentz invariant forms for higher rank
tensor gauge fields have been achieved in the approach proposed in [52,53], where instead
of constructing all possible Lorentz structures as in [51] it was suggested first to build a
general gauge invariant tensor density and then by contraction to build Lorentz invariants.
In this way two invariant forms Ls+1 and L
′
s+1 have been constructed in [52,53]. Therefore
it is plausible that for higher rank tensor gauge fields there exist only two independent
gauge invariant forms Ls+1 and L
′
s+1.
In the present section we shall estimate the number of independent Lorentz invariant
structures appearing in Ls+1 and L
′
s+1 and shall present a compact form of its coefficients.
It will be demonstrated that the total number of the Lorentz independent structures in the
general Lagrangian for the rank-s tensors grows as s2.
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The gauge invariant tensor density constructed in [52,53] by expansion over the vector
variable eµ [54] is:
(
Ls+1
)
ν1ν2,λ1···λ2s
= Tr
(
s−1∑
i=0
∑
p1<p2<···<pi
Gµν1,λp1λp2 ···λpiGµν2,λ1···
∨
λp1 ···
∨
λp2 ···
∨
λpi ···λ2s
+
1
2
∑
p1<p2<···<ps
Gµν1,λp1λp2 ···λpsGµν2,λ1···
∨
λp1 ···
∨
λp2 ···
∨
λps ···λ2s
+(ν1 ↔ ν2)
)
. (5.1)
It should be noted that these tensors are totally symmetric within the indices (ν1, ν2) and
(λ1, λ2, · · · , λ2s), whereas these have no symmetric structures between the indices νi and λj .
Contraction of indices by metric tensors allows to construct two Lorentz invariant forms
Ls+1 and L
′
s+1 [52, 53]
Ls+1 =
1
2s
(
Ls+1
)
ν1ν2,λ1···λ2s
(
ην1ν2ηλ1λ2
)
ηλ3λ4 · · · ηλ2s−1λ2s , (5.2a)
L
′
s+1 =
1
2s−1
(
Ls+1
)
ν1ν2,λ1···λ2s
(
ην1λ1ην2λ2
)
ηλ3λ4 · · · ηλ2s−1λ2s . (5.2b)
Let us perform an explicit contraction of the indices in the equations (5.2a) and (5.2b).
First let us consider the Lagrangian Ls+1. After contraction by ην1ν2 in (5.2a), it might
be convenient to classify independent terms by the number of contractions within the first
field strength tensor Gµν,α1α1α2α2···αjαjβ1β2···βk(x) (j-contractions, k-going out). Through
this procedure we can determine the combinatorial numbers as the coefficients∗,
Ls+1 =
1
2s−1
Tr
(
s−1∑
i=0
[ i
2
]∑
j=0
a
(
s, i, j
)
×Gµν,α1α1α2α2···αjαjβ1β2···βi−2jGµν,γ1γ1γ2γ2···γs−i+jγs−i+jβ1β2···βi−2j
+
1
2
[ s
2
]∑
j=0
a
(
s, s, j
)
×Gµν,α1α1α2α2···αjαjβ1β2···βs−2jGµν,γ1γ1γ2γ2···γjγjβ1β2···βs−2j
)
, (5.3)
where the numerical coefficients a
(
s, i, j
)
are given by†
a
(
s, i, j
)
= 2i−2j

 s− j
i− 2j



 s
j

 . (5.4)
∗We denote the symbol [m] as Gauss symbol.
†We use a convention of the binomial coefficients
(
m
n
)
as
(
m
n
)
= 0 for m < n or n < 0.
16
From this formula (5.3), we can also compute the total number of the independent quadratic
terms in the Lagrangian Ls+1 as
‡
total number =
s−1∑
i=0
([ i
2
]
+ 1
)
+
([s
2
]
+ 1
)
=


s2
4
+ s+ 1 (s: even),
s2
4
+ s+
3
4
(s: odd).
(5.5)
Next, we turn to consider the Lagrangian L′s+1. After the summation of
(
ην1λ1ην2λ2
)
in
(5.2b), we can classify the terms into four groups, such as
Tr
(
Gµν,···Gµρ,νρ···
)
, Tr
(
Gµν,ν···Gµρ,ρ···
)
, Tr
(
Gµν,ρ···Gµρ,ν···
)
, Tr
(
Gµν,νρ···Gµρ,···
)
. (5.6)
Then we proceed to contract between the remaining indices in all above terms. In this
manipulation also it might be convenient to classify the independent terms by the number
of contractions within the first field strength Gµν,α1α1α2α2···αjαjβ1β2···βk(x) (j-contractions,
k-going out) in each term. It should be noted that the first and the last ones in the
classification (5.6) could be the same if the first and the second field strengths in all traces
would have the same number of indices, i.e. the case for rank-(s+2) field strength tensors.
Taking this fact into account, we obtain the following form with the combinatorial numbers
as the coefficients,
L
′
s+1 =
1
2s−2
Tr
(
s−1∑
i=0
[ i
2
]∑
j=0
a
(
s− 1, i, j
)
×Gµν,α1α1α2α2···αjαjβ1β2···βi−2jGµρ,νργ1γ1γ2γ2···γs−i+j−1γs−i+j−1β1β2···βi−2j
+
s−1∑
i=1
[ i−1
2
]∑
j=0
a
(
s− 1, i− 1, j
)
×Gµν,να1α1α2α2···αjαjβ1β2···βi−2j−1Gµρ,ργ1γ1γ2γ2···γs−i+jγs−i+jβ1β2···βi−2j−1
+
s−1∑
i=1
[ i−1
2
]∑
j=0
a
(
s− 1, i− 1, j
)
×Gµν,ρα1α1α2α2···αjαjβ1β2···βi−2j−1Gµρ,νγ1γ1γ2γ2···γs−i+jγs−i+jβ1β2···βi−2j−1
+
s−1∑
i=2
[ i−2
2
]∑
j=0
a
(
s− 1, i− 2, j
)
×Gµν,νρα1α1α2α2···αjαjβ1β2···βi−2j−2Gµρ,γ1γ1γ2γ2···γs−i+j+1γs−i+j+1β1β2···βi−2j−2
‡These results can be applied for the case s = 0 as well.
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+[ s
2
]∑
j=1
a
(
s− 1, s, j
)
×Gµν,α1α1α2α2···αjαjβ1β2···βs−2jGµρ,νργ1γ1γ2γ2···γj−1γj−1β1β2···βs−2j
+
1
2
[ s−1
2
]∑
j=0
a
(
s− 1, s− 1, j
)
×Gµν,να1α1α2α2···αjαjβ1β2···βs−2j−1Gµρ,ργ1γ1γ2γ2···γjγjβ1β2···βs−2j−1
+
1
2
[ s−1
2
]∑
j=0
a
(
s− 1, s− 1, j
)
×Gµν,ρα1α1α2α2···αjαjβ1β2···βs−2j−1Gµρ,νγ1γ1γ2γ2···γjγjβ1β2···βs−2j−1
)
. (5.7)
From this formula (5.7), we can see the total number of the independent quadratic terms
in the Lagrangian L′s+1 as
§
total number =
s−1∑
i=0
([ i
2
]
+ 1
)
+
s−1∑
i=1
([i− 1
2
]
+ 1
)
+
s−1∑
i=1
([i− 1
2
]
+ 1
)
+
s−1∑
i=2
([i− 2
2
]
+ 1
)
+
[s
2
]
+
([s− 1
2
]
+ 1
)
+
([s− 1
2
]
+ 1
)
=


s2 +
3
2
s (s: even),
s2 +
3
2
s+
1
2
(s: odd).
(5.8)
In both Lagrangians Ls+1 and L
′
s+1 the total number of terms grows as s
2.
6 Appendix
Let us get convinced that for s = 1, 2 and 3 the invariant tensor density (5.1) and the
formulas (5.3) and (5.7) reproduce the lower rank Lagrangians:
• s = 1
(
for second rank tensor gauge filed
)
invariant tensor:
(
L2
)
ν1ν2,λ1λ2
= Tr
(
Gµν1Gµν2,λ1λ2 +Gµν1,λ1Gµν2,λ2 + (ν1 ↔ ν2)
)
. (6.1)
Lagrangians:
L2 =
1
2
(
L2
)
ν1ν2,λ1λ2
ην1ν2ηλ1λ2
§These results can be applied for the cases s = 0, 1 and 2 as well.
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= Tr
(
GµνGµν,ρρ +Gµν,ρGµν,ρ
)
, (6.2a)
L
′
2 =
(
L2
)
ν1ν2,λ1λ2
ην1λ1ην2λ2
= 2Tr
(
GµνGµρ,νρ +
1
2
Gµν,νGµρ,ρ +
1
2
Gµν,ρGµρ,ν
)
. (6.2b)
• s = 2
(
for third rank tensor gauge filed
)
invariant tensor:
(
L3
)
ν1ν2,λ1λ1λ3λ4
= Tr
(
Gµν1Gµν2,λ1λ2λ3λ4
+Gµν1,λ1Gµν2,λ2λ3λ4 +Gµν1,λ2Gµν2,λ1λ3λ4
+Gµν1,λ3Gµν2,λ1λ2λ4 +Gµν1,λ4Gµν2,λ1λ2λ3
+Gµν1,λ1λ2Gµν2,λ3λ4 +Gµν1,λ1λ3Gµν2,λ2λ4
+Gµν1,λ1λ4Gµν2,λ2λ3
+(ν1 ↔ ν2)
)
. (6.3)
Lagrangians:
L3 =
1
4
(
L3
)
ν1ν2,λ1λ2λ3λ4
ην1ν2ηλ1λ2ηλ3λ4
=
1
2
Tr
(
GµνGµν,ρρσσ
+4Gµν,ρGµν,σσρ
+2Gµν,ρσGµν,ρσ +Gµν,ρρGµν,σσ
)
, (6.4a)
L
′
3 =
1
2
(
L3
)
ν1ν2,λ1λ2λ3λ4
ην1λ1ην2λ2ηλ3λ4
= Tr
(
GµνGµρ,νρσσ
+2Gµν,σGµρ,νρσ +Gµν,νGµρ,ρσσ +Gµν,ρGµρ,νσσ
+Gµν,σσGµρ,νρ +Gµν,νσGµρ,ρσ +Gµν,ρσGµρ,νσ
)
. (6.4b)
• s = 3
(
for fourth rank tensor gauge filed
)
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invariant tensor:
(
L4
)
ν1ν2,λ1λ2λ3λ4λ5λ6
= Tr
(
Gµν1Gµν2,λ1λ2λ3λ4λ5λ6
+Gµν1,λ1Gµν2,λ2λ3λ4λ5λ6 +Gµν1,λ2Gµν2,λ1λ3λ4λ5λ6
+Gµν1,λ3Gµν2,λ1λ2λ4λ5λ6 +Gµν1,λ4Gµν2,λ1λ2λ3λ5λ6
+Gµν1,λ5Gµν2,λ1λ2λ3λ4λ6 +Gµν1,λ6Gµν2,λ1λ2λ3λ4λ5
+Gµν1,λ1λ2Gµν2,λ3λ4λ5λ6 +Gµν1,λ1λ3Gµν2,λ2λ4λ5λ6
+Gµν1,λ1λ4Gµν2,λ2λ3λ5λ6 +Gµν1,λ1λ5Gµν2,λ2λ3λ4λ6
+Gµν1,λ1λ6Gµν2,λ2λ3λ4λ5 +Gµν1,λ2λ3Gµν2,λ1λ4λ5λ6
+Gµν1,λ2λ4Gµν2,λ1λ3λ5λ6 +Gµν1,λ2λ5Gµν2,λ1λ3λ4λ6
+Gµν1,λ2λ6Gµν2,λ1λ3λ4λ5 +Gµν1,λ3λ4Gµν2,λ1λ2λ5λ6
+Gµν1,λ3λ5Gµν2,λ1λ2λ4λ6 +Gµν1,λ3λ6Gµν2,λ1λ2λ4λ5
+Gµν1,λ4λ5Gµν2,λ1λ2λ3λ6 +Gµν1,λ4λ6Gµν2,λ1λ2λ3λ5
+Gµν1,λ5λ6Gµν2,λ1λ2λ3λ4
+Gµν1,λ1λ2λ3Gµν2,λ4λ5λ6 +Gµν1,λ1λ2λ4Gµν2,λ3λ5λ6
+Gµν1,λ1λ2λ5Gµν2,λ3λ4λ6 +Gµν1,λ1λ2λ6Gµν2,λ3λ4λ5
+Gµν1,λ1λ3λ4Gµν2,λ2λ5λ6 +Gµν1,λ1λ3λ5Gµν2,λ2λ4λ6
+Gµν1,λ1λ3λ6Gµν2,λ2λ4λ5 +Gµν1,λ1λ4λ5Gµν2,λ2λ3λ6
+Gµν1,λ1λ4λ6Gµν2,λ2λ3λ5 +Gµν1,λ1λ5λ6Gµν2,λ2λ3λ4
+(ν1 ↔ ν2)
)
. (6.5)
Lagrangians:
L4 =
1
8
(
L4
)
ν1ν2,λ1λ2λ3λ4λ5λ6
ην1ν2ηλ1λ2ηλ3λ4ηλ5λ6
=
1
4
Tr
(
GµνGµν,λλρρσσ + 6Gµν,λGµν,ρρσσλ
+12Gµν,λρGµν,σσλρ + 3Gµν,λλGµν,ρρσσ
+4Gµν,λρσGµν,λρσ + 6Gµν,λλρGµν,σσρ
)
, (6.6a)
L
′
4 =
1
4
(
L4
)
ν1ν2,λ1λ2λ3λ4λ5λ6
ην1λ1ην2λ2ηλ3λ4ηλ5λ6
=
1
2
Tr
(
GµνGµρ,νρλλσσ + 4Gµν,λGµρ,νρσσλ + 4Gµν,λσGµρ,νρλσ + 2Gµν,λλGµρ,νρσσ
20
+Gµν,νGµρ,ρλλσσ + 4Gµν,νλGµρ,ρσσλ
+Gµν,ρGµρ,νλλσσ + 4Gµν,ρλGµρ,νσσλ
+Gµν,νρGµρ,λλσσ
+4Gµν,σσλGµρ,νρλ
+2Gµν,νλσGµρ,ρλσ +Gµν,νλλGµρ,ρσσ
+2Gµν,ρλσGµρ,νλσ +Gµν,ρλλGµρ,νσσ
)
. (6.6b)
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